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LES

Red Sea Overflow
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Direct Numerical Simulation (DNS)

@ all scales
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Direct Numerical Simulation (DNS)
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Large Eddy Simulation (LES)

@ spatial filter gs
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Large Eddy Simulation (LES)
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LES

Large Eddy Simulation (LES)

%:' Re~' AU+ VP+ V- (UU—uu)=0
V.u=0

closure problem uu Auu
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DNS Density Perturbation
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LES

LES Density Perturbation
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LES

Computational Cost

@ accuracy - fixed

(] CPUDNS ~ 1000 =« CPULES
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LES

Lock-Exchange Problem

Ozgékmen, lliescu, Fischer
Ocean Modelling, 2009
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LES Model Comparison Re = 1,000,000
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LES

Take Home Message

realistic flows = under-resolved = LES
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ROM Closure Modeling
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Galerkin ROM (G-ROM)
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Galerkin ROM (G-ROM)
e u=f(u)
o U, = Zr:aj P

° (J,,go,):(f(u,),cp,) i=1,...,r

@ Galerkin ROM (G-ROM) '
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a=1(a)
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ROM Closure

@ drastic ROM truncation {g01 sy @1000} — {g01 sy @10}
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ROM Closure

@ drastic ROM truncation {(p1 sy @1000} — {g01 sy g01o}
@ under-resolved regime
@ ROM closure

a= f(a) + Closure(a)
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Ideal Closure
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EV-ROMSs

3D flow past a cylinder | Re = 1000

DNS

Wang, Akhtar, Borggaard, lliescu, Comput. Meth. Appl. Mech. Eng., 2012
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EV-ROMs Energy Spectrum

VMS-ROM; DS-ROM - accurate
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Regularized ROMs
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Approximate Deconvolution ROM (AD-ROM)

@ spatial filter ((/— 5A) u’,goj) = (u’,goj)
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Variational Multiscale (VMS)

@ Hughes 2000
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Two-Scale Data-Driven VMS-ROM

@ resolved ROM scales X1 :=span{eq,...,p,}

wvugmaTem

invent the Future

T. liescu (Mathematics) DD-VMS-ROM Dimension and Complexity Reduction 25/46



Two-Scale Data-Driven VMS-ROM

@ resolved ROM scales X1 :=span{eq,...,p,}

@ unresolved ROM scales Xz :=span{y, 1,...,pq}

wvugmaTem

invent the Future

T. liescu (Mathematics) DD-VMS-ROM Dimension and Complexity Reduction 25/46



Two-Scale Data-Driven VMS-ROM

@ resolved ROM scales X1 :=span{eq,...,p,}
@ unresolved ROM scales Xz :=span{y, 1,...,pq}
@ two-scale decomposition

d
Ug=> g = ZaJ‘P/+ Z gjpj = ur +u’
=

j=r+1

MVirginiaTech

Invent the Future

T. liescu (Mathematics) DD-VMS-ROM Dimension and Complexity Reduction 25/46



Two-Scale Data-Driven VMS-ROM

@ resolved ROM scales X1 :=span{eq,...,p,}
@ unresolved ROM scales Xz :=span{y, 1,...,pq}
@ two-scale decomposition

d
Ug=> g = ZaJ‘P/+ Z gjpj = ur +u’
=

j=r+1

e u, € X; resolved ROM component of u

MVirginiaTech

Invent the Future

T. liescu (Mathematics) DD-VMS-ROM Dimension and Complexity Reduction 25/46



Two-Scale Data-Driven VMS-ROM

@ resolved ROM scales X1 :=span{eq,...,p,}
@ unresolved ROM scales Xz :=span{y, 1,...,pq}
@ two-scale decomposition

d
Ug=> g = ZaJ‘P/+ Z gjpj = ur +u’
=

j=r+1

e u, € X; resolved ROM component of u

e U € Xo unresolved ROM component of u

MVirginiaTech

Invent the Future

T. liescu (Mathematics) DD-VMS-ROM Dimension and Complexity Reduction 25/46



Two-Scale Data-Driven VMS-ROM

@ VMS-ROM closure term

(iMO:mW%%W‘WWﬁWJ—WW%%H

VMS-ROM closure term

Vi=1,...,r
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Two-Scale Data-Driven VMS-ROM

@ VMS-ROM closure term

(Ur, 1) = (F(ur) ) +| [(f(ug) ;) — (f(ur) )]

VMS-ROM closure term

Vi=1,...,r

@ VMS-ROM closure models
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Two-Scale Data-Driven VMS-ROM

@ VMS-ROM closure term

(ur7¢i) = (f(ur) 7<pl') + [(f(ud) 7901') - (f(ur)#f"iﬂ ’ Vi= 17 -
VMS-ROM closure term
@ VMS-ROM closure models
@ phenomenological eddy viscosity
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Two-Scale Data-Driven VMS-ROM

@ VMS-ROM closure term

(ur7¢i) = (f(ur) 7<pl') + [(f(ud) v(pl') - (f(ur)#f"iﬂ ) Vi= 17 -
VMS-ROM closure term
@ VMS-ROM closure models
@ phenomenological eddy viscosity
e ad hoc residual based
!EJVirgjniaTech
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Two-Scale Data-Driven VMS-ROM

@ VMS-ROM closure term

(ur7¢i) = (f(ur) 7<pl') + [(f(ud) v(pl') - (f(ur)#f"iﬂ ) Vi= 17 -
VMS-ROM closure term
@ VMS-ROM closure models
@ phenomenological eddy viscosity
e ad hoc residual based
e data-driven
!EJVirgjniaTech
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Two-Scale Data-Driven VMS-ROM

@ ansatz

[(f(ug) , 1) — (F(ur), )] ~ (9(ur), ¥;)
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Two-Scale Data-Driven VMS-ROM

@ ansatz
[(f(ua) , 1) — (F(ur), 1)) ~ (9(ur), 1)
@ low-dimensional least squares
min ZH (5P (5)) . ) — (P (8)). )] ~ (0F(1) 1) |

g parameters
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Two-Scale Data-Driven VMS-ROM

@ ansatz

[(f(ug) , 1) — (F(ur), )] ~ (9(ur), ¥;)

@ low-dimensional least squares

2
Joamin Z | (M) ) — (FUfP(9)) 1 00)] — (9(UFPM(5)) )
@ Two-Scale DD-VMS-ROM (2S-DD-VMS-ROM) 2
(lIm‘Pi):(f(ur)vsoi)+(g(ur)a90i) P=1,...,r
””VlrglmaTech

nt the Future
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Two-Scale Data-Driven VMS-ROM

Algorithm 1 2S-DD-VMS-ROM

1: Use data (snapshots) to construct orthonormal basis {¢, . .., @4}, | d = O(10%) |.
2: In offline stage, solve least squares problem:

ZH (Hua(4)) 1) — (Hur(8)) 9] = (9(ur(t)) 2)[|* (1)

g parameters
3: In offline stage, compute ROM operators of r-dimensional 2S-DD-VMS-ROM, | r = O(10) |:

(U.r#P/) = (f(ur), ;) + (9(ur) ;) » i=1,...,r 2

4: In online stage, use 2S-DD-VMS-ROM (2) for different parameters and/or longer time.
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Two-Scale Data-Driven VMS-ROM NSE

Algorithm 2 25-DD-VMS-ROM for NSE

1: Use data (snapshots) to construct orthonormal basis {1, . . ., ¢4}, | d = O(10%) |
2: In offline stage, construct r-dimensional operators A and B, .
3: In offline stage, construct r-dimensional operators A and B, | r = O(10) |, which solve least

squares problem:

M
min - [((ud(t/) V) uq(t), w;) - ((ur(t/) V) ur(t), wz)]
) j=1

N . 2
(AaDNS(I)‘)+aDNs(t]‘)TBaDNS(I;‘))H . (3)
4: Inonline stage, for different parameters and/or longer time, repeatedly use 2S-DD-VMS-ROM
a=(A+Aa+a' (B+Ba. (4)
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Three-Scale Data-Driven VMS-ROM

@ large resolved ROM scales Xi :==span{pq,..., ¢}
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Three-Scale Data-Driven VMS-ROM

@ large resolved ROM scales Xi :==span{pq,..., ¢}

@ snall resolved ROM scales X2 = span{y, .1,...,¢,}

MVirginiaTech

Invent the Future

T. liescu (Mathematics) DD-VMS-ROM Dimension and Complexity Reduction 30/46



Data-Driven Variational Multiscale ROM

Three-Scale Data-Driven VMS-ROM

@ large resolved ROM scales Xi :==span{pq,..., ¢}

@ snall resolved ROM scales X2 = span{y, .1,...,¢,}

@ unresolved ROM scales X3 :=span{y, 1,...,¢q}
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Three-Scale Data-Driven VMS-ROM

@ large resolved ROM scales Xi :==span{pq,..., ¢}
@ snall resolved ROM scales X2 = span{y, .1,...,¢,}
@ unresolved ROM scales X3 :=span{y, 1,...,¢q}

@ three-scale decomposition

d r r d
— . . . . P— /
j=1 j=1 j=ri+1 j=r+1

MVirginiaTech
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Three-Scale Data-Driven VMS-ROM

@ large resolved ROM scales Xi :==span{pq,..., ¢}
@ snall resolved ROM scales X2 = span{y, .1,...,¢,}
@ unresolved ROM scales X3 :=span{y, 1,...,¢q}

@ three-scale decomposition

d r r d
p— . — . . . e /
j=1 j=1 j=ri+1 j=r+1

e u, € Xy large resolved ROM component of u
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Three-Scale Data-Driven VMS-ROM

@ large resolved ROM scales Xi :==span{pq,..., ¢}
@ snall resolved ROM scales X2 = span{y, .1,...,¢,}
@ unresolved ROM scales X3 :=span{y, 1,...,¢q}

@ three-scale decomposition

d r r d
o= &%= awj+ > &p+ ) gp=utus+u
j=1 j=1 j=ri+1 j=r+1
e u, € Xy large resolved ROM component of u
@ us € X small resolved ROM component of u
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Three-Scale Data-Driven VMS-ROM

@ large resolved ROM scales Xi :==span{pq,..., ¢}
@ snall resolved ROM scales X2 = span{y, .1,...,¢,}
@ unresolved ROM scales X3 :=span{y, 1,...,¢q}

@ three-scale decomposition

d r r d
j=1 j=1 j=ri+1 j=r+1

e u, € Xy large resolved ROM component of u
@ us € X small resolved ROM component of u
e U € Xz unresolved ROM component of u
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Three-Scale Data-Driven VMS-ROM

@ large-small VMS-ROM closure terms

<U.L7$0i> = (f(uL+uS),soi)
+ [(f(ud),gai>—(f(uL+us),¢pi>] Vi=1,....n
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Three-Scale Data-Driven VMS-ROM

@ large-small VMS-ROM closure terms

<U.L7$0i) = (f(uL+uS),soi)
+ [(f(ud),gai>—(f(uL+us),¢pi>] Vi=1,....n

@ small-unresolved VMS-ROM closure terms

<U.s»<Pf) = <f(uL+uS)790i)

[0~ (o] ve-ner

m VirgjniaTech
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Three-Scale Data-Driven VMS-ROM

@ Three-Scale DD-VMS-ROM (3S-DD-VMS-ROM)

a.L Z\La+aT§La
= Aa+a Ba+

Asa+a' Bsa

wvugmaTem
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Data-Driven Variational Multiscale ROM

DD-V

0.655
0.617

0.579

0.540
3

MS-ROM Re = 1000 Predictive

Kinetic Energy (r = 4)

‘—DNS —2S-DD-VMS-ROM 3S-DD-VMS-ROM —G»ROM‘
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DD-VMS-ROM + Constraints Predictive

@ Re = 1000

@ 50% data
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Quasi-Geostrophic Flow

Ocean dynamic topography and currents
Metres above gravitational level

Source: ESA
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Quasi-Geostrophic Equations (QGE)

88? +J(¢,q) = Re 'Ag+F
g = RoAy+y
oy 0q 9y 9q

@ J(-,-) Jacobianoperator J(¢,Qq) = — — — — —

ﬂ1“V1rg1maTech
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Quasi-Geostrophic Equations (QGE)

% oq) = e aqrF
_ ._ 9y 9q_0voq
® J(-)  Jacobian operator  J(i,q) = Z 50— 50 o
. oY o
[p— J_ p— e .
e velocity u:=Viy= ( ay’ ax)
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Quasi-Geostrophic Equations (QGE)

99

5 HIWa) = Re 'Aq+F

q RoAy +y

@ J(-,-) Jacobianoperator J(¢,Qq) = — — — — —

@ velocity u:=V'y= ( )

@ Rossby number | Ro :=

”“VuglmaTech
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Quasi-Geostrophic Equations (QGE)

88? +J(,q) = Re 'Ag+F
q = RoAv+y
. _ 90 0g_9v0g
@ J(-,-) Jacobian operator J(v,q) = ax oy _ dy ox
. oY 9y
vl = (Y YY
@ velocity u:=V—y= ( 3y’ 8x)
@ Rossby number | Ro:= Y
y T 5[_2
uL
@ Reynolds number | Re:= v @ VirginiaTech
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QGE: Time-Average

T. lliest Mathematics) DD-VMS-ROM

DDC-ROM 2 CDDC-ROM

[l VirginiaTech

Invent the Future

Dimension and Complexity Reduction 37/46



Channel Flow Re, =395 (Re = 13,750)
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SUPG-ROM

@ convection-dominated convection-diffusion-reaction

%—aAu—i—b Vu+cu=f

@ SUPG-ROM

At(fn7 Vr) + At (5,‘ (fn7 bn * VV,‘)
— o (U -u b V)

(up — u™ ", v) + Atasupa,r (U], V)

aSUPGyr(Ur, Vr) == (€VUr, er) + (b . vUr, Vr) + (C Ur, Vr)
+ 6,' Z (—EAUr+b‘VUr+CUr,b'er)K
KeTh
@ fundamental question or =7 ¥ VirginiaTech

nt the Future
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Numerical Analysis

Inverse Estimates

@ FE inverse estimate

(Vallmk < ttiny P’ =™ || V]

@ ROM inverse estimate

Vv <

o [ X

T. lliescu (Mathematics)

I,K

I1Srll2 1M Izl ve

DD-VMS-ROM

Vvh e Xp

Vv, e X

wvugmaTem
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FE Scaling

@ minimize

hm+1/2 +No

Or = hm=1(h3/2 + h4 e +&'/2h1/2) + Ng(1 + h—1 + eh—2)

1/2

R
No=1|> N

j=r+1

@ simplify SE=h

wvugmaTem
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ROM Scaling

@ minimize

(1 +5712 4 ‘/2) Cal\o + ( 1/2 +52/2) CaM + 51/2Cals

R 1/2 R 1/2 R 1/2
No=1|> N M= Nyl M= > Nl
j=r+1 j=r+1 j=r+1
N A
@ simplify spop — 0
Ny
””VlrglmaTech
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Numerical Test

C
0.487
IOA

0.3
0.2

IOJ
-0.00695 %0

G-ROM, FE-SUPG-ROM, POD-SUPG-ROM, t = 1.0, r = 30, 130.

o Giere, lliescu, John, Wells, Comput. Meth. Appl. Mech. Eng., 2015 L.
P PP 9 MVirginiaTech
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Conclusions

@ under-resolved ROMs
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Conclusions
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@ closure
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Conclusions

@ under-resolved ROMs

@ closure

o LES, spatial filter

e variational multiscale + data
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Conclusions

@ under-resolved ROMs

@ closure

o LES, spatial filter

e variational multiscale + data

@ |simple
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Conclusions

@ under-resolved ROMs

@ closure

o LES, spatial filter

e variational multiscale + data

@ |simple

@ physical constraints
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Conclusions

@ under-resolved ROMs

@ closure

o LES, spatial filter

@ variational multiscale + data
@ |simple
@ physical constraints

o NA FOM-ROM coupling
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Conclusions

Thank You!
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Take Home Message

Galerkin + Data
ROM
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N
Problem

Ce

e PDE =f(u) given
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N
Problem

e PDE U= f(u) given

@ FEM, FDM, FVM, ... given
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N
Problem

e PDE U= f(u) given
@ FEM, FDM, FVM, ... given

@ ROM
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N
Problem

e PDE U= f(u) given
@ FEM, FDM, FVM, ... given

e ROM
e r=0(10) given
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Problem

e PDE U= f(u) given
@ FEM, FDM, FVM, ... given

e ROM
e r=0(10) given

° {901 IR Lpr} given

wvugmaTem

invent the Future

T. liescu (Mathematics) DD-VMS-ROM Dimension and Complexity Reduction 2/33



N
Problem

e ROM
e r=0(10) given

° {901 IR Lpr} given

@ [model 7?77
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|
Variational Multiscale (VMS)

@ Hughes 2000
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Variational Multiscale (VMS)

@ Hughes 2000

@ general PDE U= f(u)
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-
Variational Multiscale (VMS)

@ Hughes 2000

@ general PDE U= f(u)

@ hierarchical spaces X, XioXo, XidoXodXs,...
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-
Variational Multiscale (VMS)

@ Hughes 2000
@ general PDE U= f(u)
@ hierarchical spaces X, XioXo, XidoXodXs,...

@ Galerkin projection

(ﬁ,v1) = (f(u),vq) Yy € Xq
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-
Variational Multiscale (VMS)

@ Hughes 2000
@ general PDE U= f(u)
@ hierarchical spaces X, XioXo, XidoXodXs,...
@ Galerkin projection
(ﬁ,v1) = (f(u),vq) Yy € Xq
@ not closed
(f(u),vq) = (f(us +u2+us+...),vq)  Vvq€Xq
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-
Variational Multiscale (VMS)

@ Hughes 2000

@ general PDE U= f(u)
@ hierarchical spaces X, XioXo, XidoXodXs,...
@ Galerkin projection
(ﬁ,v1) = (f(u),vq) Yy € Xq
@ not closed
(f(u),vq) = (f(us +u2+us+...),vq)  Vvq€Xq
@ VMS closure
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-
Paradigm Shift

Variational Multiscale in the Age of Data
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N
DD-VMS-ROM Re = 1000 Reconstructive

Kinetic Ener; r =4
0.615 ey ( )

[—DNS —25-DD-VMS-ROM —3S-DD-VMS-ROM — G-ROM|

0.611

0.607

0.603
(o]
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N
Constrained DD-VMS-ROM

e G-ROM
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N
Constrained DD-VMS-ROM

e G-ROM

o —|Vu/?=a"Aa<0

wvugmaTem

invent the Future

T. liescu (Mathematics) DD-VMS-ROM Dimension and Complexity Reduction 6/33



N
Constrained DD-VMS-ROM

e G-ROM

o —|Vu/?=a"Aa<0

° ((u,~V)u,,u,) =0 <= a' [a'Ba]=0
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N
Constrained DD-VMS-ROM

e G-ROM

o —|Vu/?=a"Aa<0

° ((u,~V)u,,u,) =0 <= a' [a'Ba]=0

° DD-VMS-ROM
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N
Constrained DD-VMS-ROM

e G-ROM

o —|Vu/?=a"Aa<0

° ((u,~V)u,,u,) =0 <= a' [a'Ba]=0

° DD-VMS-ROM

e a'[Aa+a Ba]<0°?

MVirginiaTech
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N
Constrained DD-VMS-ROM

e G-ROM

o —|Vu/?=a"Aa<0

° ((u,~V)u,,u,) =0 <= a' [a'Ba]=0

° DD-VMS-ROM

e a'[Aa+a Ba]<0°?

e|la'Aa<0 and a' {aTéa]:O

wvugmaTem
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N
Constrained DD-VMS-ROM

o[ahazo
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N
Constrained DD-VMS-ROM

®
=)>?
IN
o
<
I
=
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N
Constrained DD-VMS-ROM

o[ahazo

e Ai<0 Vi=1,...,r,
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N
Constrained DD-VMS-ROM

o[ahazo

e Ai<0 Vi=1,...,r,
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N
Constrained DD-VMS-ROM

o[ahazo

e Ai<0 Vi=1,...,r,
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N
Constrained DD-VMS-ROM

e B;=0 V/Z‘I,...,I’,

OE,'//'—I—E,]/-‘,-EW:O Vijj=1,...,r i #],
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N
Constrained DD-VMS-ROM

OE;/j—l—é,'j'/-‘y-Ejﬁzo Vijj=1,...,r i #],

° Eﬁk+§ikj+§jik+§jki+§kij+§kji:0 Vigjk=1,....r, i#j#k#i.*

“4Kondrashov, Chekroun, Ghil, Phys. D, 2015 @VirginiaTech
Loiseau, Brunton, J. Fluid Mech., 2018
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N
Constrained DD-VMS-ROM NSE

Algorithm 3 Constrained DD-VMS-ROM for NSE

1: Use data (snapshots) to construct orthonormal basis {¢1,..., ¢4}, | d = 0(10%) |
2: In offline stage, construct r-dimensional operators Aand B,| r = O(10) |.
3: In offline stage, construct r-dimensional operators A and B |r= O(10) |, which solve least

squares problem:

min é ORI R (ORI IIORS]
a' Aa<o

al [aT B a] =0

2
(/’Z\aDNS(tj)+aDNS(§.)TBaDNS(tj))H . (5)
4: In online stage, for different parameters and/or longer time, repeatedly use DD-VMS-ROM
a=(A+Aa+a (B+B)a. (6)
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Quasi-Geostrophic Equations (QGE)
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g = RoAy+y
oy 0q 9y 9q

@ J(-,-) Jacobianoperator J(¢,Qq) = — — — — —
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Quasi-Geostrophic Equations (QGE)

88? +J(,q) = Re 'Ag+F
q = RoAv+y
. _ 90 0g_9v0g
@ J(-,-) Jacobian operator J(v,q) = ax oy _ dy ox
. oY 9y
vl = (Y YY
@ velocity u:=V—y= ( 3y’ 8x)
@ Rossby number | Ro:= Y
y T 5[_2
uL
@ Reynolds number | Re:= v @ VirginiaTech
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|
QGE: Time-Average
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Connections

@ Large Eddy Simulation

@ Nonlinear Galerkin

@ Bubble Functions
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@ closure model

]m = function(u) ‘

e LES-ROM
oW, Re™' (VW function(W, =
31 i + Re VW, Ve, | + ( function(W;),p; | =
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@ Germano, Phys. Fluids, 1986

Sabetghadam, Jafarpour, Appl. Math. Comput., 2012

Wells et al, Int. J. Num. Meth. Fluids, 2017
@ lliescu et al, Int. J. Numer. Anal. Mod., 2017

@ Xie, Wang, Wells, lliescu, Comput. Meth. Appl. Mech. Eng., 2017
@ smoothing

@ given u X’

o find u eX

° ((/—52A)u’,<p,>:<uf,<p/> Vi=1,..r
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@ deconvolution
e given u,:=Gu,

] f|nd u-

@ exact deconvolution u,fP =G 'u,
e very bad idea

@ notoriously ill-posed: noise amplification

@ approximate deconvolution u,A?~u,fP = G 1,

1
e Lavrentiev regularization |u,*’ = <G+ul) U,
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N
ROM Coefficients

VMS-ROM; DS-ROM - accurate

0 100 200 300 0 100 200 300

0 100 200 300 0 100 20% |Virginia 13€0C?1
w

Invent the Future

T. liescu (Mathematics) DD-VMS-ROM Dimension and Complexity Reduction 17/33



N
DDF-ROM vs State-Of-The-Art ROMs: CPU Time

L-ROM | EF-ROM | AD-ROM | DDF-ROM
r==6 412 4.25 4.44 2.27
r=10 6.72 6.91 7.26 4.42
r=151| 9.97 10.14 10.32 6.67

m VirgjniaTech
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-
DDF-ROM: Computational Efficiency

Method Proj llupns — Urom| CPU time (seconds)
r=6 r=10 r=15 r=6 r=10 r=15
G-ROM 0.2208 | 0.1589 | 0.0848 | 2.06 | 3.28 | 4.79

DDF-ROM | X' 0.2208 | 0.1589 | 0.0848 | 2.06 | 3.28 | 4.79
DDF-ROM | X7 | 0.1214 | 0.0854 | 0.0654 | 2.16 | 3.43 | 4.95
DDF-ROM | X2 | 0.0928 | 0.0627 | 0.0446 | 2.75 | 4.42 | 6.67
DDF-ROM | X3 | 0.0923 | 0.0632 | 0.0452 | 3.44 | 5.61 8.57
DDF-ROM | Xx¢ 0.0931 | 0.0638 | 0.0454 | 14.21 | 15.06 | 16.06

m VirgjniaTech
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N
LES, ROM Similarities: Basis

@ homogeneous flow

R(x,x’) = R(x — x')

@ translation invariant

Theorem (Holmes, Lumley, Berkooz, 1996)

If R(x,x") = R(x — X’) is homogeneous, then the eigenfunctions of

the operator R = [, R(x,X’) - dX’ (i.e., the POD modes) are Fourier
modes.

MVirginiaTech
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-
Energy Cascade
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Energy cascade for different Re.
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-
Energy Cascade — ROM

o forward energy transfer

e Fourier Vv
ePOD ?

@ non-homogeneous

| inflow r
1ha |,

Couplet, Sagaut, Basdevant, J. Fluid Mech., 2003.
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|
Galerkin ROM Stable, Not Accurate

M
@ stable ® U7+ v At [ Vu?|? < data

n=1

@ not accurate

@ | Galerkin ROM # model large scales‘

wvugmaTem
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LES, ROM Similarities:  Model Consistency

@ snapshot LES
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Data-Driven ROMs

@ data DNS, experiment
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Data-Driven ROMs

@ data DNS, experiment
@ ansatz a=Aa+a' Ba

@ inverse problem — A B

)

e DD-ROM a—=Aa+a Ba

@ dynamic mode decomposition (DMD)

Koopman theory

cluster ROM

sparse identification of nonlinear dynamics (SINDy)
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Data-Driven ROMs

@ data DNS, experiment
@ ansatz a=Aa+a' Ba

@ inverse problem — A B

e DD-ROM a—=Aa+a Ba

@ dynamic mode decomposition (DMD)

Koopman theory

cluster ROM

sparse identification of nonlinear dynamics (SINDy)

@ operator inference method
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-
Data-Driven Filtered ROM (DDF-ROM)

® |DNS projection + filtering F-ROM data-driven DDF-ROM
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@ hybrid: projection + data-driven

Noack et al
lollo et al
Cordier et al
Wang et al

Protas et al

Benosman et al

e DDF-ROM
e fundamentally different

e model “Correction”
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______________________________
DDF-ROM Step |: Filtered-ROM (F-ROM)

@ LES-ROM + ROM projection

ug” . - .
( a? ,so,-> + Re™" (Vud',Vso/) + ((Ud' V) Ud’,cp,-) + (TfFS,so,) =0
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DDF-ROM Step |: Filtered-ROM (F-ROM)

@ LES-ROM + ROM projection

ug” . - .
( a? ,so,-> + Re™" (Vudr,Vso/) + ((Ud' V) Ud’,cp,-) + (TfFS,so,) =0

@ “Correction” = ROM subfilter-scale stress tensor

75 = (ua- V) Uy — (U5 - V) U’
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DDF-ROM Step |: Filtered-ROM (F-ROM)

o filter = ROM projection
l‘Tdr =Uu

@ filtered ROM (F-ROM)
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DDF-ROM Step |: Filtered-ROM (F-ROM)
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DDF-ROM Step |: Filtered-ROM (F-ROM)

@ closure problem O
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DDF-ROM Step |: Filtered-ROM (F-ROM)

@ closure problem O

@ consistency ©

e “Correction”

7SFS _

(Ug-V)ug — (ur-V)u,

« P d
° ‘ Correction” % 0‘

° ’F—ROM =9 G—ROM‘
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DDF-ROM Step Il: Data-Driven Modeling

@ ansatz  7(DNS)~ Aa+a' Ba
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DDF-ROM

@ ansatz

@ inverse problem

e DDF-ROM

T. lliescu (Mathematics)

Step |l:

miny  [|[7(DNS) —

~Aa+a' Ba

- (A+Z\)a+aT <B+§)a

DD-VMS-ROM

Data-Driven Modeling

(Aa+a' Ba)|?
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Dimension and Complexity Reduction
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DDF-ROM: 2D Navier-Stokes
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